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LIE’S VIEWS ON SEVERAL IMPORTANT POINTS IN MODERN 
MATHEMATICS. 


By G. A. MILLER, Ph. D., Gottingen, Germany. 


It is generally admitted that America has contributed comparatively little 
towards the advancement of the science of mathematics. During the last twenty 
vears there has been a rapidly increasing progress in this direction. Several 
European countries have also moved forward at a rapid rate during this period, 
so that our relative position is not improving as rapidly as might be desired. 

The standard of general scholarship required for the higher degrees at our 
better institutions is comparatively high but the number of important discoveries 
does not yet correspond to this standard. In fact, the two are not apt to advance 
very far together, for the field of mathematics is so extensive that most are com- 
pelled to choose between a superficial acquaintance with the whole range 
of mathematical research and an exhaustive knowledge of only a few subjects. 

In view of these facts it is natural that there should be many who strive to 
lead American mathematical talent to those newer regions which seem to offer 
the most fruitful fields of investigation. While there is a great difference 
of opinion with respect to these regions yet the most successful investigators are 
in the best possible position to judge in regard to them. 

The view expressed by Klein during last year, in his address on Arithme- 
tizing Mathematics, that Lie in Leipzig, Germany; and Poincaré in Paris, France,’ 
are the two most active mathematical investigators of the present day, is quite 
generally held. The following translation of a part of the introductory remarks 
of an article* published during last year by the former of these may therefore be 


* Berichte der Koenigl. Saechs. Gesellschaft, 1895. 
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of considerable interest, as it contains the views of the author in regard to sever- 
al important points in mathematics, especially in regard to the most important 
newer regions. 

‘In this century the concepts known as substitution and substitution 
group, transformation and transformation group, operation and operation group, 
invariant, differential invariant, and differential parameter, appear continually 
more clearly as the most important concepts of mathematics. While the curve 
as the representation of a function of a single variable has been the most impor- 
tant object of mathematical investigation for nearly two centuries from Descartes, 
while on the other hand, the concept of transformation first appeared in this cen- 
tury as an expedient in the study of curves and surfaces, there has gradually de- 
veloped in the last decades a general theory of transformations whose elements 
are presented by the transformation itself while the series of transformations, in 
particular the transformation groups, constitute the object. 

The general theory of transformations is a branch of analysis in the sense 
that it can be developed by purely analytic methods. It has however the 
material geometrical property that its operations are not only conceivable 
but directly intuitive to a large extent. 

If we consider that the difference between the analytic and the synthetic 
methods exists in the fact that the synthesist reasons with concepts while 
the analyst operates with symbols, according to fixed rules, we may see an im- 
portant property of the theory of transformations in this that its theorems can be 
developed in an elegant analytic as well as in a perspicuous even intuitively clear 
manner. It is due to this fact that the theory of transformations is considerably 
simpler than the theory of substitutions. 

It should be added that different branches of mathematics have contribut- 
ed to the development of the theory of transformations and that many parts of 
mathematics have already been considerably advanced by means of this theory. 

The theory of differential equations isthe most important branch of math- 
ematics. Each department of physics presents problems which depend upon the 
integration of differential equations. In general, the theory of differential equa- 
tions involves the road towards the explanation of all natural phenomena, which 
require time. While this theory has an infinite practical value it has also a cor- 
responding theoretic importance since it leads in a rational manner to the study 
of new important functions and classes of functions.”’ 


Gottingen, Germany, October 26, 1896. 
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NUMBER, COUNTING, MEASUREMENT. 


By GEORGE BRUCE HALSTED, M. A. (Princeton), Ph. D. (Johns Hopkins), Professor of Mathematics in the 
University of Texas, Austin, Texas. 


Counting is essentially prior to measuring, but also the primary number 
concept is essentially prior to counting and necessary to explain the meaning, 
cause and aim of counting. It is here maintained that integral number had not 
a metric origin, nor was metric in its original purpose ; that integral number did 
not involve the idea of ratio, that in fact it was enormously simpler than 
that very delicate concept, ratio. Number is primarily a quality of an artificial 
individual. The stress laid upon it, the importance attached to this quality 
comes first from the advantage of being able to identify one of these artificial in- 
dividuals. By artificial is meant ‘tof human make.’’ The characteristic 
of these artificial individuals is that each, though made an individual, is con- 
ceived as consisting of other individuals. 

The primitive function of number is to serve the purposes of identification. 
But again, counting, which consists in associating with each primitive individual 
in an artificial individual a distinct: primitive individual in a familiar artificial 
individual, is thus itself essentially the identification, by a one-to-one correspon- 
dence, of an unfamiliar with a familiar thing. Thus primitive counting decides 
which of the familiar groups of fingers is to have its numeric quality attached to 
the unfamiliar group counted. 

This primitive use of number in defining by identification is illustrated by 
an ordinary pack of playing cards, where the identification of King, Queen, and 
Knave is not more clearly qualitative and opposed to every mode of measurement 
than is the identification of ace, deuce, and tray ; and indeed that the King out- 
values the Knave has more to do with measurement than the fact that the ace. 
outvalues the tray. 

Counting implies first a known series of groups, mental wholes each made 
up of distinct wholes ; secondly an unfamiliar mental whole ; thirdly the identi- 
fication of the unfamiliar group by its one-to-one correspondence with a familiar 
group of the known series. 

Absolutely no idea of a unit, of measurement, of amount, of value or even 
of equality is necessarily involved or indeed ordinarily used. One counts when 
one wishes to find out whether the same group of horses has been driven back at 
night that were taken out in the morning ; where counting is a process of identi- 
fication which it would seem intentionally humorous or comical to try to connect 
fundamentally with any idea of a unit of reference or of some value to be ascer- 
tained, or of the setting off of a horse as a sample unit of value and then equat- 
ing the total value to the number of such units, Such an argumentum in circulo 
may perhaps be funny, but it is neither fact nor mathematics. Mathematics af- 
terwards defines numerical equality by means of one-to-one correspondence, 
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which is absolutely distinct and away apart from the idea of ratio. We may say 
with perfect certainty that there is no implicit presence of the ratio idea 
in primitive number. 

From the contemplation of the primitive individual in relation to the arti- 
ficial individual spring the related ideas ‘‘one’’ and ‘‘many.’’ An individual 
thought of in contrast to ‘‘a many’’ as not-many gives the idea of ‘‘a one.”’ A 
many composed of ‘‘a one’’ and another ‘‘one’’ is characterized as ‘‘two.”’ 
A many composed of ‘‘a one’’ and the special many ‘‘a two’’ is characterized as 
‘three.’? And so on ; at first absolutely without counting, in fact before the in- 
vention of that patent process of identification now called counting. For a con- 
siderable period of its early life every child uses a number system consisting of 
only three terms, one, two, many, and no counting. As datum may be taken a 
psychical continuum, and distinctness may be found the outcome of a process of 
differentiation ; but what may be spoken of as the physically originated primitive 
individuals, however complete in their distinctness, have no numeric suggestion 
or quality. The intuitive but creative apperception and synthesis of a manifold 
must precede its conscious analysis which alone gives-number. It is only to 
conceptual unities that the numeric quality pertains. Such conceptual unities 
are of human make and in a sense are not in nature, while on the other hand, 
though the world we consciously perceive is out and out a mental. phenomenon, 
yet the primitive individuals, distinct things, while forming part of the artificial 
unities, exist in another way, in that they are subsisting somehow in nature as 
well as in conscious perception. 

In reference to these fundamental matters some strange blunders have 
been made of late by eminent philosophers and teachers, not mathematicians. 

The number-picture of a group is a selective photograph of the group, 
which takes or represents only one quality of the group, but takes that all at 
once. 

This picture process only applies primarily to those particular artificial 
wholes which may be called discrete aggregates. But the overwhelming import- 
ance of the number-picture, primarily as a means of identification, led, after cen- 
tnries of its use, to a human invention as clearly a device of man for himself as is 
the telephone. This was a device for making a primitive individual thinkable 
as a recognizable and recoverable artificial individual of the kind having numeric 
quality. This recondite device is measurement. Measurement is an artifice for 
making a primitive individual conceivable as an artificial individual of the group 
kind, and so having a number picture. The height of a horse, by use af the unit 
‘‘a hand,’’ is thinkable as a discrete aggregate and so has a number-picture iden- 
tifiable by comparison with the standard set of pictures, that is by counting, as 
say 16. 

In Euclid’s wonderful Fifth Book a ratio is never a number. Newton, 
with the purpose of taking in the so-called surds or irrationals of arithmetic and 
algebra, assumed a ratio to be anumber. Any continuity in his number-system 
comes then from the continuity in the magnitude whose ratio to a chosen unit for 
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that magnitude is taken. He never gave any arithmetical or algebraic proof of 
the continuity of any number-system. 


Austin, Tevas. 


NEW AND OLD PROOFS OF THE PYTHAGOREAN THEOREM. 


By BENJ. F. YANNEY, A. M., Mount Union College, Alliance, Ohio, and JAMES A. CALDERHEAD, B. Sc., 
Curry University, Pittsburg, Pennsylvania. 


{Continued from June-July Number. | 


II. Proors RESULTING FROM STRAIGHT-LINE PROPERTIES OF THE CIRCLE. 


XV. Let ABC be A right-angled at C. With 
either extremity, as B, of the hypotenuse, as a center, 
and with a radius equal to the hypotenuse, describe a 
circle. Produce the legs of the A tochords. One of 
the chords, as DE, will be a diameter. 


Then AC.CL=DC.CE, or b®? =(c—a)(c+a). 
+b*, 


XVI. Let ABC be A right-angled at C. With 
either extremity, as B, of the Fig. 11. 
hypotenuse, as the center, and 

with a radius equal to the adjacent leg, describe a circle. 
Produce the hypotenuse to a secant. 


Then 1¢?=AE.AD, or b?=(c—a)(e+a). 
+5*. 


Nore.—This method is given by Richardson in Runkle’s Mathemati- 
cal Monthly, No. II, 1859; also by Hoffmann, and, in a slightly different 
form, by Wipper, the latter stating that the proof is found in ‘‘Huberti = 
Fig. 12. Rudimenta Algebrz,’’ Wurceb, 1792. It was known to the writers, how- aS 

ever, independently of these sources. 


XVII. Let ABC be a A right-angled at C. 

Case I, When the two lege are unequal. 

With C as a center, and with the shorter leg, as 
BC, as a radius, describe acircle. Produce AC to a sec- 
ant. Draw CL perpendicular to AB. 


Then AD.AH=AE.AB, 
or 


Substituting for LB any of its equivalents in 
terms of the sides of the given A, and reducing, we get, ¢? 


4 
Fig. 13. 
az 
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Case 2. When the two legs are equal. 

We easily pass, by the usual method of the theory of limits, from Case 1 
to Case 2. 

XVIII. Same as in XVII, except that the circle is described with the 
longer leg, as AC, as a radius. Then, produce all the 
sides to chords. 

Then AB.BL=BE.BD, 

Also, AB: AH :: AC: AL, 

or.c: 2b :: b: c+ BL, 


(2). 

(1) in (2), c?=a?+0?. Fig. 14. 

When the legs are equal, we pass from the case given as suggested in Case 
2 of XVII. 

XIX. Same as in XVII, except that both cases 
are treated alike, and the circle is described with a rad- 


ius equal to the perpendicular from C to AB. Then 
produce the legs to secants, and draw CD. 


Then ; 


also, 2AD.DB=2(p*. 
Adding, c?=a?+b*. Fig. 15. 


XX. Let ABC be a A right-angled at C. Produce either leg, as 
AC, through C, making CD=AC. Join BD. Circum- 
scribe a circle about A ABD, and produce BC to a 
diameter. 


Then BC? =AB.BD—AC.CD, 
or 

a? +5*. 

XXI. Fig. 16. 
AB.BD=BE.BC, 

or c?—a* +a.CE=a?* +b?. Fig. 16. 


Nore.—The last two are special cases of familiar propositions, and are given by various writers. 


{To be Continued. | 
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ARITHMETIC. 


Conducted by B. F. FINKEL, Springfield, Mo. All contributions to this department should be sent to him. 


SOLUTIONS OF PROBLEMS. 


64. Proposed by J. K. ELLWOOD, A. M., Principal of Colfax School, Pittsburg, Pennsylvania. 


If 27 men in 10 days of 7 hours each for $375 dig a ditch 70 rods long, 25 feet wide, 
and 4 feet deep, how long a ditch 40 feet wide and 3 feet deep will 15 men dig in 16 days 
of 9 hours each for $500 ? 


III. Solution by the PROPOSER. 


Mr. Gruber’s method is all right except the assumption that the length of 
the ditch increases as the price paid. The $375 pays for 1890 hours’ labor ; at 
the same rate, $500 would pay for 2520 hours’ work. But there are only 2160 
hours worked. Hence, the efficiency must be increased $. That is, the ditch 
will be 66% rods x }==77j} rods long. 

Or, in another light: Since 1890 hours’ labor are worth $375, 2160 
hours’ work, at same wages, are worth $4284. But they get $500, an increase of 
+ as before. 

In this problem the time is limited—fixed—hence the only thing that can 
vary is the efficiency of the workmen. And it seems plain that it must increase 
as the hourly price increases—not as the gross price. Suppose 


2 men in 1 day of 10 hours for $20 dig x rods, and 


3 men in 2 days of 10 hours for $40 dig y rods. What is the ratio of yto x? 


Can the efficiency, or productiveness, be found without considering the 
hourly wages ? 


66. Proposed by F. P. MATZ, M. Sc., Ph. D., Professor of Mathematics and Astronomy in Irving Col- 
lege, Mechanicsburg, Pennsylvania. 


Brown adds m=10% of water to the pure wine he buys, and then sells the mixture 
at a price n=10% greater than the cost price of the pure wine. What is his rate per cent. 
of profit ? 


Solution by E. W. MORRELL, Professor of Mathematics in Montpelier Seminary, Montpelier, Vermont. 


Let 100%=cost of the wine. Then 110% of 110%=121%, the selling 
price of the mixture. Hence, 121%—100%—21%, the gain. 


67. Proposed by B. F. FINKEL, A. M., Professor of Mathematics and Physics in Drury College, Spring- 
field, Missouri. 


A agreed to work a year for $300 and a suit of clothes. At the end of five months 
he left, receiving for his wages $60 and the clothes. What was the suit worth ? 
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, Solution by P. 8S. BERG, Larimore, North Dakota. 

Since he received $300 and a suit of clothes for a year, for one month he 
received $25 and ;'; suit of clothes, and for five months he received $125 and ;, 
suit of clothes. He received $60 and the clothes, hence $60+suit of clothes= 
$125+,5; suit of clothes, or ;4, suit—$65. Whence once suit—$111}. 

Also solved by E. W. MORRELL and JAMES F. LAWRENCE. 


68. .Proposed by F. P. MATZ, M. Sc., Ph. D., Professor of Mathematics and Astronomy in Irving Col- 
lege, Mechanicsburg, Pennsylvania. 


The population of a city is annually increasing m=24%. If the population now is 
P=68921, what was it n=3 years ago? At this rate of. increase, what will the population 
be n=3 years hence ? 

Solution by P. S. BERG, Larimore, North Dakota. 

Let 100%—what the population was 3 years ago. Then the population at 
present is (100%+23%)'. Hence (100%+24%)*=68921. Whence 100%=— 
64000, the population 3 years ago. In 3 years hence the population will be 
(100% +24%)° of 68921, or 74220.378765625. 


69. Proposed by EDGAR M. JOHNSON, Professor of Mathematics, Emory College, Oxford, Georgia. 
Every man in a certain group belongs to at least one of these classes: Methodists, 
Democrats, Farmers. In the group there are 10 Methodists, 12 Democrats. 13 Farmers; 3 
men who are Methodists and Democrats, 4 who are Democrats and Farmers, 5 who are 
Methodists and Farmers. Finally, there are 2 men who are at the same time Methodists, 
Democrets and Farmers. Required the number of men in the group. 
I. Solution by J. C. CORBIN, Pine Bluff, Arkansas. 
Using obvious abbreviations, we can form the following table in which 
each small letter denotes a man: 


Methodists. Democrats. Farmers. 
a, b a, b a, b 
h, i, j, k 
l, m, n l, m, n r, 8 
0, 


Counting each letter once only, gives 19 ; 10 in the first column, 12 in the 
second column, and 138 in the third column. 


II. Solution by G. B. M. ZERR, A. M., Ph. D., Texarkana, Arkansas-Texas, and FREDERICK R. HONEY, 
Ph. B., New Haven, Connecticut. . 


Methodists. Democrats. Farmers. Total. 
3 3 3 
0 4 4 4 
5 0 5 5 
2 ps 2 2 
10 9 11 14 
0 3 2 5 
10 12 13 19 


.’. 19 men in the group. 
Also solved by E. W. MORRELL, JAMES F, LAWRENCE and P. S. BERG. 
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ALGEBRA. 


Conducted by J. M. COLAW, Monterey, Va. All contributions to this department should be sent to him. 


SOLUTIONS OF PROBLEMS. 


66. Proposed by A. H. BELL, Box 184, Hillsboro, Illinois. 
Solve the equations : 


I. Solution by G. B. M. ZERR, A. M., Ph. D., Texarkana, Arkansas-Texas. 
Let y=rsin#. Then the equations become 
Eliminating r? from (1) and (2) we get 
b?(1+sin4) 
1+cos4 


2tan34 
Now sin@ cos6= 


1—tan?36 


b? an36)?—2a*tan?4@ 
2 (14+tan}4)*—2a* tan? 4, 


Let z-tan}@ ; then (4) becomes 


Let w=z—} ; then (5) becomes 


When a and b are known we can find wu from (6), after which z and r and 
finally z and y become known. 


II. Solution by HENRY HEATON, M. Sc., Atlantic, Iowa. 
As in preceding solution, 
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(5), and (6). 

Dividing (5) by (4), tan a® (7) 


Squaring (9) and substituting for sec? its value 1+tan*4, performing op- 
erations indicated and arranging with reference to tanJ@, 


a*ttan® (10). 


Transposing the three middle terms and subtracting 2a*b*tan* 6, 


a‘tan® 6+ b4—2a?b* (tant 6—2tan?6+tan?@) ...... (11). 
Extracting square root, a®tan*6—b?—+ab(tan*6—tan@))/2........ (12). 
+d)/2 1 
Whence tan 3 + 3a (Ya4b 1/2) 


2 } 


From equation (5), [1+ 008? and from equation (6) 


V 


If a=b, from (12), tanfé=1 or 9 


+4(+2)/2—1)!. 


III. Solution by J. SCHEFFER, A. M., Hagerstown, Maryland. 
Dividing (1) by (2) and putting y=tz, we obtain 


b®t(1—t) 
a bey’ and then y 


Substituting these in (1), we obtain finally the equation - 


4 
ig 


305 


2b? 


at 


Solving this for numerical values of a and b, we get the values of x and y 
from the above expressions. 

The same equation may be arrived at by putting z=rcos@, y=rsin#. The 
given equation then changes into ; 
Adding, we get whence 
+a?+6*]. Also, 

cos*@ 


Equalizing, changing into the tangent function, the latter being denoted 
by t, we obtain the same equation as above. 


IV. Solution by H. C. WILKES, Skull Run, West Virginia. 

Putting «?+y?=—s* ; then from (1), a?(x+s)—2sz*, and from (2), 
b*(y+s8)—2sy?. Any rational value for s will give integral [?] fractional values 
for a® and b?. Let s=5, a?=45/4, and b?=160/9; s=13, a*==325/9, and 
b? 3744/25 ; s=17, a® 2176/25, and b? 3825/16. 

67. Proposed by COOPER D. SCHMITT, A. M., Professor of Mathematics, University of Tennessee, 
Knoxville, Tennessee. : 


5n7 
or —}, according as n is odd 


nn 
Prove that cos—— + cos - + cos 


or even, [and not a multiple of 7]. 


I. Solution by G. B. M. ZERR, A. M., Ph. D., Texarkana, Arkansas-Texas. 


sin———_— 2sin——- cos —= 
( 
sin—~—— sin—- = _ 2sin———- cos 
7 7 ] 
sin — 2sin—=— cos —=— 
7 7 
cos —=—+ cos ———+ cos ( ) 


=— tecosna=—+}, according as n is odd or even. 


Il. Solution by J. SCHEFFER, A. M., Hagerstown, Maryland. 
Employing the well-known formula 


__cos[a+ 
cos[a+(n—1)b]=- 
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and putting b—2a, n=8, we have 


sina sina’ 
sin 6a sin6a+sina sinja.cosga 
But either $—_____—__ — } => 
sina sina sina 
sin 6a sin6a—sina cosja.sin$a 

sina sina sina 
5 
sindn7 


Putting a=1n7, we get in the former case —4, and in 


in! 
sin 
cosin7 


the latter 


+3. If nis even, sintna=—0, if odd, cos}n7a—0. 


Q. E. D. 


III. Solution by OTTO 0. CLAYTON, A. B., Fowler, Indiana. 


Unite 1st and 3rd terms of the left member ; then by factoring, we have, 
(2cos$n7 + 1)cos§na—} or —3. 


sin}nz cos}nz 
sin}nz 


Substituting for (2cos}na7+1), we have = or —}, from 


sin$n7 sin—inz 
which —},—__* =} or —}. 
sininz sininz 


This being an identical equation the problem is proved ; for ratio 


sin—}n7 


—s =1 or —1, according as n is odd or even. 
sin}nz 


IV. Solution by JOHN B. FAUGHT, A. M., Instructor in Mathematics in Indiana University, Blooming- 
ton. Indiana. 


The equation (1), (cos?+isiné)*=—1, 7. e., cos74+isin76——1, is clearly 
satisfied when 4 has either of the following values: 47, 37, $7, 47, $7, 
and 

(2), is satisfied by $2, tn, $7, 
lia or 132, or §nz, or 

But (3), + Ticos* 
—35icos‘nésinind + + 
=(—1)". 

(4), cos*n6—21cos'nésin? + 35c0s' 

Or (5), of which 
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cos}n7, cos§nz, cos}n7, cos$n7, cos!;-nz and cos! nz are the ratio. 
Now cosjnz=-=1, according as n is odd or even, and cos!;na—cosiaz ; 
Hence we have (6), nd 
+ 8cos*nO=-cosn4+1)—0, according as n is odd or even. 
(7), Or cos}na+cos}nm 
+cosina==+}, according as n is odd or even. 
We might deduce a number of equally interesting results, thus, 


. COS}N7.cOS}n7.cos§na=+4, when vn is either odd or even, ete. 


GEOMETRY. 


Conducted by B. F. FINKEL, Springfield, Mo. All contributions to this department should be sent to him. 


SOLUTIONS OF PROBLEMS. 


63. Proposed by ALFRED HUME, C. E.. D. Sc., Professor of Mathematics, University of Mississippi, P. 
0., University of Mississippi. 


A rectangular hyperbola cannot be cut from a right circular cone if the angle. at its 
vertex is less than a right angle. 


II. Solution by F. M. McGAW, A. M., Professor of Mathematics, Bordentown Military Institute, Borden- 
town, New Jersey. 


Assume axes of codrdinates at right angles. 
(a) The equation of the surface of a cone with axis of z as axis of cone, and 
origin at the vertex of cone is 


where v=—angle at vertex. 
(b) The equation of a plane to same axes and origin as above, in terms of 
its direction cosines and perpendicular from origin is 


Eliminate z between (1) and (2), and then we have the conic 


> 
5 
4 
‘ 
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(n? —1? a® —Qlmaya? + y?(n? a?) .(3) 


in which a is substituted for tandv. 
In order that this conic may be an equilateral hyperbola, the angle 
between its asymptotes 


(n? —1? a? a? jy? =—0 
must be a right angle, the condition for which is (for rectangular axes) 
a?—0, or a? =2n? /l?+m? (4). 


Now, in order that the plane above considered shall cut out the hyperbo- 
la, the angle whose direction cosine is n must be less than 4v ; that is to say, l 
and m must both be less than n. Hence, 1* +m? is necessarity less than n? +n? 
or 2n?; or the fraction (4) is an improper fraction, whence a*(—tan*}v) 
is greater than unity. This establishes that 3v is greater than 45°, and 
v is greater than 90°. Q. E. D. 


III. Solution by GEORGE LILLEY, LL. D., Portland, Oregon. 


Let ABF be a section of the cone made by the plane of the paper passing 
through its axis AM; OPQNH any section of the cone 
made by a plane perpendicular to the plane ABF. Pass 
a plane through P at right angles to AM cutting the plane 
ABF in DE. Draw OL parallel to BF, and HK parallel 
to AF. Let ~<MAB=a, ~<AOH=0, AO=c, OH=xz, 
and HP=y. 


HP?*—HDx HE. HE— 
cosa 
DH=LK=—2csina — 2a) 
Cosa ‘ 


__2esin# sing sin#sin(@+2a) 
cosa cos? @ 


The section represented by the equation is any hyperbola when 4+2a is 


2 2 
greater than 180°. Comparing the equation with y? = wai a : x? 
a 


, we have 


oud 


2h? 2csina sind b? sin@sin(4+2a) 


cosa’ a® cos? a@ 


csin2a 


sin(@+ 
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a* +b? 1—sin?(6+a@)—2sin*a 
Casa —— a , Where e is the excentricity of the 


—sin?(@ 
e*cos*a@ 


e*cos*a@ must not be greater than unity. But e?=2; therefore, cos? a@ must 
not be greater than 4}, and @ must not be less than 45°. Hence, the angle at the 
vertex of the cone must not be less than a right angle ; therefore, it is greater 
than a right angle. 

It may, however, be equal to that angle. 


Note on the angle between the asymptotes of the hyperbola. 

Let ¢=the angle between the asymptotes, and we have sec}¢=-e, where e 
is the excentricity of the hyperbola. 

sec? ae? cos? a, cos?a, but e?cos?@ must not be 

cos? 

be greater than unity, see solution of problem 63. Hence, cos}¢ must not be 
less than cosa and a must not be less than 4¢ ; or the angle at the vertex of the 
right circular cone, from which the hyperbola is cut, must not be less than the 
angle between the asymptotes. Jt may, however, be equal to that angle. 


IV. Solution by W. H. CARTER, Professor of Mathematics in Centenary College of Louisiana, Jackson, 
Louisiana, 


If the axis of the cone be the axis z ; h, the distance of the vertex from 
the origin, and 6 the semi-angle at the vertex, the equation of the cone is 


(x? +y? (90° —#)=(h—z)?. 


The section of this cone made by a plane through the axis y is a conic sec- 
tion, and if the angle which the plane makes with zy be ¢ and the curve of in- 
tersection be referred to axes in its own plane, its equation is 


y?tan?(90° —4)+2° cos? g[tan? (90° -- #)—tan? + 2hasing—h? =-0. 
If this is a rectangular hyperbola, then 
tan? (90° — 4)=-cos? ¢[tan®? ¢—tan* (90° —4)]. 


1/ 2sin(90° — 4) 


cos? (90° — 4) 


But ¢ is real. 


An hyperbola may also be cut from this cone by a plane parallel to the 
axis z, Its equation then is, if the eutting plane is y=a, 


A 
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(x? +a®)tan* (90° —4#)=(h—z)*. 
If this be a rectangular hyperbola, 
tan®(90° tan(90° —@)=1 (—1 makes 4 negative). 


This problem was also solved in an excellent manner by G. B. M. ZERR. 
64. Proposed by WILLIAM E. HEAL, Member of the London Mathematical Society, and Treasurer of 
Grant County, Marion, Indiana. 

Let the bisectors of the angles A, B, C of a triangle meet the sides oppo- 
site A, B, C in A’, B’, C’. Let AA’, BB’, CC’ meet the sides of the triangle 
A’B'C’ in A", B", C". Let this process continue indefinitely. Express the 
sides and angles of the triangle A°™ BOMC™) in terms of the sides and angles of 
the original triangle ABC. 


Solution by G. B. M. ZERR, A. M., Ph. D., Texarkana, Arkansas-Texas. 


Using trilinear coordinates we have B—y=0, y—a—0, a—f=0 for the 
equations to AA’, BB’, CC’ respectively. 


( 2A 2A ) 
a+b a+b 


are the coordinates of A’, B’, C’ respectively. 

a+f—y=0, a+yvy—f=0, B+y—a 
=0 are the equations to A’B’, A’C’, BC’ 
respectively. 


2A ( 2A 4A 2A ) 
Qatbte ’ Qat+b+e ’ Qat+bte atte’? atQhte 


( ) 
a+b+2c ’ a+b+2c’ a+b+4+2c 


are the coordinates of A”, B’, C” respectively. 


a+y—3f8=0, 6+y—3a=O0arethe to 
B’C" respectively. 


( 4A 6A 6A ), ( 6A 4A 


2a+3b+3c ’ 2a+3b4+8c ’ 2a+3b4+38¢ 


q 
{ 
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84 ) 6A 6A 
3a+2b4+3c¢ /’ ( 


are the coordinates of A’”’, B’’, C’” respectively. 
3a+3y—5fh=0, 36+3y—5a=0 are the equations to 
respectively. 


10A =) ( 10A 12A 
6a+5b+5¢e ’ 6a+5b+5¢ 6a+5b+5¢ \ 5a+6b4+5¢ 5a+6b+5¢ 


10a ) 124 ) 
5a+6b+5¢ \ 5a+5b+6ce ’ 5a+5b+6c ’ 5a+5b+6e 


are the coordinates of respectively. 

5a+5y--118=0, 58+5y—1la=0 are the equations 
to BY", BY’ respectively. 

In what follows, the upper signs are used for m odd, and the lower for m 
even. The mth term of the series 1, 3, 5, 11, 21, 43, 85, ete., is $(2"+1). 


2(2™-1 = 1)at+(2"£1)(b+e) ’ 2(2™-! = 1)a+(2"+1)(b+e) ’ 

2(Q™ 1 2(2™ 1 1)b+(2"+1)(a+e) ’ 

2(2™-1 ’ 2(2™-1 += 


4A 1) 
2(2™-1 1)e+(2"£1)(a+b) ) 
are the coordinates of A™, B™, C™ respectively. 
4(2™+1)(B+y)—3(2™+! =1)a=0, (1, 2, 3) are the equations to A™B™, A™C™, 
respectively. 
From (1) and (2), (1) and (3), (2) and (3) respectively, we get 


= 3{2m+1 (2™—-1 = 1)sinA +2™(2"+ 1)(sinB + sinC)} 
tan 2° = 1) + 26.279" + 1 eos A 1)(cosB + cosC) 
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3{2™ +1(2™ +sinC)} 


tan B"— 


1) + 2(5.22™ 1-2” + 1)cosB—2(2"41)(2™ —1>-1)(cosA +cosC) 


3{2Qm +1(2m —1>-1)sinC +2”(2"+1)(sinA +sinB)} 


tan am — + + 1 1)(cosA +e0sB) 


Let A=area of p=perpendicular from C™ on AM™B™, 


A=[2Tabe A .2™]+[{2(2™ (2"£1)(b+0)} 
{2(2™ 1)b + (21)(a +b)}] 


p=[9A .2™ +1] 1)e} 
3(22 +141) + 2(2™ 1)(2™ +1=-1)(cosA + cosB)—2(2™+1)* cosC]. 


But A=spA™MB™, A™BM—2A /p. 


Alm Bm) 


_ 8abey/3(2™ 4)+4+2(2™+1)(2™ +1 = 1)(cosA + cosB)—2(2™ +1)? cosC 
{2(2™ —1>-1)a+ (2™41)(b+e)} {2(2™ + (2™+1)(a+e)} 


— 3( 22+ 14 1)+2(2™+1)(2™ +1=:1)(cosA + cosC)— 2(2"+1)*cosB 
{2(2™ + (2"41)(a+b)} 


im __ SOM 1) +2 (cosB + cosB)— 
{2(2™ + (2™1)(a+c)} {2(2™ (2™+1)(a+b)} 


All principles necessary to understand the above solution will be found in 
the chapter on ‘‘Trilinear Coordinates”’ in Todhunter’s Conic Sections. 


j 
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CALCULUS. 


Conducted by J. M. COLAW, Monterey, Va. All contributions to this department should be sent to him. 


SOLUTIONS OF PROBLEMS. 


53. Proposed by 0. D. SMITH, A. M., Professor of Mathematics, Alabama Polytechnic Institute, Auburn, 
Alabama. 


Solve the differential equation, dy/dr—y(x—y)/z(z+y), and show that ‘ 
r=ylog(xy). 
I. Solution by J. SCHEFFER, A. M., Hagerstown, Maryland ; C. W. M. BLACK, Professor of Mathemat- 
ics in Wesleyan Academy, Wilbraham, Massachusetts ; and P. S. BERG, Larimore, North Dakota. 
Clearing of fractions we obtain after transposing two terms 


y(ady + ydx)=2x(ydx—ady). 


Dividing by y?, we have 


xy 


Integrating, log(axy)—(2)+(y), whence «=ylog(azy). 
The result given is not general enough, the constant having been left out 
of consideration. 


II. Solution by W. W. LANDIS, A. M., Department of Mathematics and Astronomy in Dickinson College, 
Carlisle, Pennsylvania ; F. M. McGAW, A. M., Professor of Mathematics, Bordentown Military Institute, Bord- 
entown, New Jersey ; J. OWEN MAHONEY, B. E., Graduate Fellow and Assistant in Mathematics, Vanderbilt 
University, Nashville, Tennessee; G. B. M. ZERR, A. M., Ph. D., Texarkana, Arkansas-Texas; and A. H. ; 
HOLMES, Brunswick, Maine. 


Let y=vz, then the equation becomes 


adv x(1—v) 
, or 2v? + 


a(l+v)dv 


The variables are separable, whence 
x 1 
—+ -——=(. Integrating, + loge. 


1/v=logv + —log(vz* ). 
x/y=log(zy), or x==ylog(xy), when no constant is added, or z=ylog(zy) 
+ Cy where C is an arbitrary constant. 


4 
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313 
| 
| 
+ 
‘ 


314 


III. Solution by M. C. STEVENS, M. A., Mathematical Department, Purdue University, Lafayette, Indi- 
ana; HENRY HEATON, M. Sc., Atlantic, Iowa ; JOHN B. FAUGHT, A. M., Instructor in Mathematics in Indi- 
ana University, Bloomington. Indiana ; and J. C. GREGG, A. M.. Brazil, Indiana. 


Put y=vr and we have 


dy vx? —v? x? v—v? 2v* 1+v 2Qdx 
1+v 1+v Whence, + x 0 


Integrating, —1/v+log(vx?) +C=-0, or x/y=log(ry)+C, and «=ylog(xy) 
+Cy. 
The C should not be omitted unless the conditions of the question giving 
‘ rise to the equation are such as to make it zero. 


IV. Solution by H. C. WHITTAKER, A. M., Ph. D., Professor of Mathematics, Manual Training School, 
Philadelphia, Pennsylvania. 


Let y=2?v! and substitute in the given equation and we obtain 


dv 
dx 


This will reduce to a simple form if we take p=1 and q=—1, giving 


dv 

v+logv=logz® ; 
x /y=logx*? =log(«y), whence a=ylog(xy). 


54. Proposed by J. SCHEFFER, A. M., Hagerstown, Maryland. 


A certain solid has a square, side=a, for its base, and all parallel sections are 
squares, the two sections through the middle points of the opposite side of the square are 
semi-circles, however. Find surface, volume, and center of gravity of each. 


I. Solution by HENRY HEATON, M. Sc., Atlantic, Iowa. 


The length of a side of a parallel section distant « from the base is 
(a*—4zx*)i. If dx be the distance between two parallel sections, the distance be- 
tween two corresponding sides is adx/(a?—4xz*)!. Hence the surface 


s=4{ adx==2a* ; the volume v=f (a? — 42? 
a 0 0 


the distance of the center of gravity of the surface from the base is 


1 ha 


Va? sa 


x 
ing 


and the distance of the center of gravity of the volume from the base is 


3 


as 0 


a(a* — 42x? 


II. Solution by J. C. NAGLE, M. A., M. C. E., Professor of Civil Engineering in the State A. M. Col- 
lege, College Station, Texas. 


Take the intersection of the planes of the circular sections as the axis of z, 
the origin being in the center of the base. Then since the radius of each circle is 
4a we shall have for the projection of one fourth of the elementary area intercep- 


ted between two planes parallel to the base, and distant dz from each other, upon 
the plane of one of the circles, 


dS.cosd=y/ ta* —z? .dz, 


where 4 is the angle made by this elementary area with the plane of projection. 


/ ta? 


ka 
But cosé=!* ha ——, and the whole surface is s=4f adz=2a?....(1). 
0 


The center of gravity of S is distant from the base 


For the volume, taking planes parallel to the base, 


v= 2) ta? ja? —2 f (a? —42? )dz—=a4 (3), 
0 0 


and its center of gravity above the base is 


The figure will be a cloistered arch formed by the intersection of two right 
semi-cylinders. 


IIc. Solution by G. B. M. ZERR, A. M., Ph. D., Texarkana, Arkansas-Texas. 


Let z*+s*=ta*...... CT), (2) be the equations to the 
cylinders which form the groin. From (1) dz/da=--x/z, dz/dy=0. 


315 
*ha 
azdz 
J (a? —4z?® )zdz 
0 
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ka 
0 ta®?—2? oY ta? —2? 
0 0 0 0 


Center of graving of surface—=——_ dzdy= 


dS 
f f J 


Center of gravity of volume= ; z 
a 0 
dzdady 


IV. Solution by J. C. GREGG, A. M., Brazil, Indiana. 

Let the given figure represent a section of the solid through the middle 

point of two opposite sides of the base. We have r=a/2, 

and the equation of the circle EDF is z* +y?=r?....(1), 

and AC®==(2y)?=4(r?—2?)=A,=a section parallel to 
the base, and for the volume 


0 


The surface may be considered to be generated by 
the sides of a section parallel to the base, and we have for the surface, 


For the center of gravity of the volume, 


J a(A,)dx 4f a(r? 
9 


3 
= = a(r? 
V ’ ors ) 8 16 


ta. 


For the center of gravity of the curved surface we have, 


4 8r f 


x 


For the center of gravity of the whole surface, since the curved surface is 
twice that of the base we have, x =4#.4a=}a. 

Also solved by H. C. WHITAKER, C. W. M. BLACK, and the PROPOSER. 

Professors Black and Scheffer used ‘‘side=2a”’ as in Problem 47, instead 
of side=a, and hence their results did not agree with those in the published so- 
A lutions. The results obtained were: Volume=8a?/3, surface=8a*, center of 
gravity of volume=3a/8, and center of gravity of surface=4a. See problem 42 
for two additional so_utions for surface and volume. EDITOR. 


MECHANICS. 


Conducted by B. F. FINKEL, Springfield, Mo. All contributions to this department should be sent to him. 


SOLUTIONS OF PROBLEMS. 


88. Proposed by B. F. FINKEL, A. M., Professor of Mathematics and Physics in Drury College, Spring- 
field, Missouri. 


A prolate spheroid of revolution is fixed at its focus; a blow is given it at the extrem- 
ity of the axis minor in a line tangent to the direction perpendicular to the axis major. 
Find the axis about which the body begins to rotate. [From Loudon’s Rigid Dynamics.] 


Solution by G. B. M. ZERR, A. M., Ph. D., Texarkana, Arkansas-Texas. 
The general equations of motion are : 


Cw,—(2mzxr)@,— (2mzy)@y—=N 


The equation to the ellipsoid with focus as origin is a*y*+a*%z* +b*2* 
—2aeb*x4+b4. Now (1) reduce to 
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A@,=L 4 

Ca —N 
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Let Then 


-¢) 
yer— 


--a(1—e) 


a(1+e) 
ry &—y? +(c2—y*)// }dxdy 


—a(1l—e) 


a(l+e) 
uzabt. 


—a(1—e) 


a(1+e) 
a(1—e) 


c?— 


(1-+e) 


—a(l—e)“” 0 


pn a(i+e) 


—a(1—e) 


Let the blow=P be struck perpendicular to the plane (ry), then the mo- 
ments of the impulsive forces about the axes are L=Pb, M-==Pae, N=0. 
These in (2) give 


i's co,—=Pb 

@y b 


Let F be the focus, O the center of the ellipsoid. Then on the minor axis 


e2 
in the plane (xy), take OE———__ 14202 .b, then will FE be the axis required. 


Let a=6, b=4. 
locity will be 


OF=2;b=}§. The resultant angular ve- 


4 
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89. Proposed by B. F. FINKEL, A. M., Professor of Mathematics and Physics in Drury College, Spring- 
field, Missouri. 


A person whose height: is a and weight ¥ stands in a swing whose length is/?. Sup- 
posing the initial inclination of the swing to the vertical is @ and that the person always 
crouches when in the highest position and stands up when in the lowest, his center of grav- 
ity moving through adistance b measured from lower part of swing upward, find how much 
the are is increased after n complete vibrations. 


I. Solution by 0. W. ANTHONY, M. Sc., Professor of Mathematics, Columbian University, Washington, 
D.C. 


Let RS be the path of the center of gravity from extreme position to verti- 
cal, TU the path from vertical to other extreme position. 

OP=l, RP=k, (say), TS=b; <ROS=a,~TOU 
=a. etc. 

The energy acquired by swing in passing. from 

R to S is (l—k)(1—cosa) W. 

When it has passed to V the energy is 
(l—k—b)(1—cosa, ) W. 


By conservation of energy 


(l—k-—b)(1—cosa, ) W=(l—k)(1—cosa) W. 


—k 


l 
(1--cosa). 


Whence 1—cosa, == 


In passing back to original position 


l—k 


1—cosa, =—,—— (1— cosa, ) = 


l—k 


2 
t—k—b ) (1—cosa). 


l—k 
For two complete vibrations 1—cosa, (1—cosa). 


In like manner for n complete vibrations 


2n n 
1—cosa@,, (1—cosq@) or sin(4a@,,) sin(4a), 


which enables us to compute the increase in amplitude. 


II. Solution by the PROPOSER. 

Let O be the point of suspension of the swing, S the position of the center 
of gravity of the man when crouching, and T its position when the man is stand- 
ing, and Q the lower end of the swing. 

Let OQ=I1, SQ=k, the distance from lower end of swing to the center of 


i 
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gravaty of the man when he is crouching, ST=b, ~<QOP=a, and <QOV=4,. 

Then the velocity, v, of the man at the point 
Q,= Bowser’s Analytical Mechanics, 
page 350, Article 192. Hence, his energy due to his 
weight = 5, v? = W(l—k)(1—cosa). This energy will 
carry him to V and equals W(l—k—b)(1—cos4,), since 
the man rises at the point Q. Since he crouches at the 
point V, his energy at the point Q on his return is 
W(l—k)(1—cos@,). This energy will carry him to a 
point to the left of S, and the energy expended will be W(l—k—b)(1—cos4, ), 
where 6, is the angle between the vertical and the swing. 

According to the principle of the conservation of energy, we have, 


W(l--k)\(1 —cos4,) = W—k—b)(1—c080,) (3), 
(2n). 


Multiplying these equations together member for member, and solving for 
1—cos#,,, we have, 


l—k 


2n | 2n 
1—cos#,, (1—cosa), or-sin? (44, (5) (sin® 3a) 


n 


DIOPHANTINE ANALYSIS. 


Conducted by J. M. COLAW, Monterey, Va. All contributions to this department should be sent to him. 


SOLUTIONS OF PROBLEMS. 


42. Proposed by E. B. ESCOTT, Chicago, Illinois. 


Required all the parallelograms whose sides a, b and diagonals c, d, are rational. 


a 
q 


II. Solution by W. F. KING, Ottowa, Canada. 
The conditions are, 2(a? +b? )—c? + d?, with the condition that a, b, ¢ and 

a, b, d shall be capable of forming triangles (sum of any two sides greater than 
the third side). That is, if we suppose a>b, c>d, a+b must be greater than c, 
and a—b<d. These two conditions again are the same, for if a+b>c and 
2(a* +b? )=c? +d?, 2(a* +b*)—(a+b)? <d? or a—b<d. 

Let us suppose the numbers involved to be integers. We have 
c? + d*—2(a* +b*)=(a+b)?+(a—b)*. If c—a+b, d=a—b, the parallelogram 
vanishes, the angle opposite to the diagonal c becoming 180°. But if not, we 
have a number c* +d? which is resolvable into the sum of two squares in another 
way. Hence, as may easily be proved, a? +b? is resolvable into factors, which, 
by a theorem in the Theory of Numbers, are (whether prime or composite). each 
expressible as the sum of two squares. Also every prime number of the form 
4n+1 is expressible as the sum of two squares, and every number which is the 
sum of two squares is the product of prime factors of the form 4n+1. (The only 
even prime 2—1*+1* or a power thereof may also be a factor, which case will be 
considered further on). 

Hence we have a rule to find a and b so as to make ¢ and d rational. 

Form a?+b* by multiplying together two or more of the various prime 
numbers of the form 4n+1, such as 5, 18, 17, 29, etc. 

The product may be expressed in two ways at least as the sum of 
two squares. Thus we shall have f? +g?=h?+k*. 

2¢ f? +g?)=(h? +k)? which gives a solution by putting f=a, 
g=—b, h+k=c, h—k==d, provided that, (following the condition for a possible 
triangle) f—qg<h—k. 

If f—g>h—k, we must take h and ¢ for a and b ; f+g and f—g for ¢ and 
d, Then 2(h? +k*?)—( f+g)?+( f—g)?. 

That is, of the two equal sums into which the product has been resolved, 
take that for a? +b? which has the less difference between its components. 

For example, multiply 5 by 13=65. 

65—8? +12—72+4* and 7—4=8<8—1. Hence a=7, b—4, h=-8, k=1, 
and 2(72 +42)=(8+ 1)? +(8—1)?=92 +72. 

*, c=9, d=7. And 7, 4, 9; 7, 4, 7 are possible sides for triangles. The 
components of the product can readily be found from the components of 
the prime factors, thus: 

Let N=(p? +q?) (r? +8?)=p?r® + 2pqrs+q?s? + q?r? — 2pqrs+ p?s? =p*r? 
+ 2pgqrs+ —=(pr + qs)*(qr—ps)* =(pr—4qs)* + (qr+ ps)’. 

For example, to resolve 65 into the sum of two squares. 

65=18 x +2?)(2?+1*%). Here pr+qs=—3x 2+2x1-=8. 

qr—ps=2x2—38x1=—1. pr—gqs—3x2—2x 1=—4, 

A third factor, r,?+8,?, can be introduced by putting pr+qs=p,, 
qr—ps=q,, and multiplying out (p,*+¢,*)(r,*+8,°) as before. 
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» Observe that this gives two forms for the product, and two more would be 
got by putting pr—qs—p,, gr+ps—q,, so that with three factors there will be 
four forms for the product. These forms may be taken any two together giving 
4.3/1.2—6 solutions for ¢ and d. 

In the preceding it has been assumed that a and b have no common fac- 
tor. Ifthey have one (which may be any number whatever) the preceding in- 
vestigation will still hold. But such factors of the common measure of a and b 
as are not primes of the form 4n+1 will re-appear as common factors of ¢ and d. 
It is to be noted that if a®+b*—2.x a single prime factor a? +b? can be express- 
ed as the sum of two squares in one way only, viz: a? +b?—=2(p?+q*)=(p+q)? 
+(p—q)*. For the factors of a?+6* are p?+q* and r?+s° where r—s=1, and 
in multiplying (p?+q*)(r?+8*) the two expressions (qr+ps)*+(pr—qs)? and 
(pr+qs)?+(qr—ps)? become identical when r=s==1, and these two cannot 
be equated to a third and different sum of two squares without factoring p?+q°, 
which is by supposition a prime. Hence when 3(a? +5?) is a prime the solution 
fails, for we get 2(a®+b*)—4(p*® +q*)—(2p)? + (2q)?=(a+b)? +(a—b)*, which 
does not give a parallelogram. So also when a* +b? is a product of a prime by 
any odd power of 2. An even power of 2 may however be used, for example, 

a® +b® =260—2? x 5 x (3? +2?)(2? + 1? )—(6? + 4? )(2? + 1°) —16? + 2? 

—=14* +8? and 2(a* +b? )—2(14? +8? )—2(16 + 2° )==18? + 142=c* 

The above discussion made on the assumption that a, b, c, d are integers, 
is readily extended to give solutions in rational fractions. 

Thus 1885=5 x 13 x 29=—=42* + 117=34? +-27?. 

= Cg")? + (8)? and 2{( + (8)? }== (53)? + (31)? 


Note on solution of problem 37, page 151. The failure to give the least 
values in my solution was due to solving x,*—40y,*-=1; by continued fractions, 
we obtain positive integral values for x and y, but y does not enter into the re- 
quired values directly ; hence may be fractional. This point was overlooked. 

To obtain all these values, let #=—(x,)+(z,.), y=(y,.)+(z,), and then 
Let y,*=p*q? and 10—any 
two factors. 


+2,==p*® or 2p* 
or 5q? § 


Add and subtract, then 


+10q? or 2p? + 5q? 
== Fp? +10q? or = 2p*+5q? 


p and q taken at pleasure will give an infinite number of values, integral and 
fractional. Mr. Gruber’s list is correct. A. H. Bett. 
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AVERAGE AND PROBABILITY. 


Conducted by B. F. FINKEL, Springfield, Mo. All contributions to this department should be sent to him. 


SOLUTIONS OF PROBLEMS. 


Note on Problem 33. By Henry Heaton, Atlantic, Iowa. 

The result obtained in the published solution of this problem cannot 
be correct. 

The area of the regular pentagon is 3.6327a?. The area of each of the in- 
finite number of regular polygons whose apothem is a and number of sides greater 
than five, is less than 8.6327a*, while that of only two, the square and triangle, 
is greater. Hence the average area of all regular polygons with apothem ais less 
than 3.6327a?. Hence the result obtained in the published solution (3.8693a?) 
is too large. 

In a similar manner it may be shown that any result larger than a*7z is too 
large, while it is evident that any result smaller than that is too small. 


37. Proposed by HENRY HEATON, M. Sc., Atlantic, Iowa. 


Required the average area of all triangles two of whose sides are a and b. 


I. Solution by the PROPOSER. 


It is well known that every triangle consists of six parts, three sides and 
three angles, and one side with any two other parts determines the triangle. 

In constructing this triangle we may use all possible values, first, of the 
included angle C, second, of the third side, c, third, of the angle A, and fourth, 
of the angle B. This gives us four cases. 


I. PatangleC=@. Then 4,—~ f 
2 0 e 


0 


a+b 
II. Put sidec=r. Then [(a+b)? —(a—b)?]}! de. 
“ a—b 


(To integrate this expression put z—[(a+b)*—4absin4]} ). 
III. Put angle A=@, b being<a, then 


A, = 1b f —b*sin*) + 


4% 
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IV. Put angle B=@. For every value of B there are two triangles 
whose average arc is }a®sin@cos6. Hence, 


sin— 


b 

0 


If b=a, and A*=a?/3. These are double the 
values found in the solutions of problem 26, as they evidently should be. The 
values of A, and A, do not hold when b-=a, for the reason that while the sum 
of the areas remains the same the number of triangles is reduced one-half at the 
moment that b=a. 


II. Solution by G. B. M. ZERR, A. M., Ph. D., Texarkana, Arkansas-Texas. 
Let «==third side, A—area, J—average area. 


(a+b)?—2? —(a—b)?. 


a+b a+b 1 
4= _ Ader dz= 
a—b J 


Let 


_ 2a*b 1—y? dy yy 
0 


a+b To ety? y* 


a(a—b)?* 2q a+t 


III. Solution by 0. W. ANTHONY, M. Sc., Professor of Mathematics, Columbian University, Washington, 
D. C., and A. P. REED, Clarence, Missouri. 


The area of triangle is A —3absin@. 


0 0 0 


38. Proposed by B. F, FINKEL, A. M., Professor of Mathematics and Physics, Drury College, Spring- 
field, Missouri. 


Two arrows are sticking in a circular target : show that the chance that 
their distance is greater than the radius of the target is 8,/3/47. [From Todhunt- 
er’s Integral Calculus, page 335.] 


= 
4 
= 
x 
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I. Solution by 0. W. ANTHONY, M. Sc., Professor of Mathematics, Columbian University, Washington, 


D.C 

Let Q be the position of one arrow. Call the radius of target R, and let 
OQ=p. 

The area PNSR=2R?cos R?—(4p)?. 


Then the chance that the second arrow is within 
the above region is 


2 
cos —1—_— 


_The chance that the first arrow is at a distance p from the center is 


2apdp 2pdp 
nk? 


The chance that the two arrows are as indicated above is 


4 p 2 
9p Pde R?—(3p)*? p*dp. 


The sum of all such chances is 


4 f p 2 313 
mR? J | R* —(3p)*? p?dp=1— 


... Chance that the second arrow is without the region PNSR is 


II. Solution by HENRY HEATON, M. Sc., Atlantic, Iowa. 


Let O be the center of the target and A the position of one of the arrows. 
Then if the distance between the arrows is greater than 
the radius, a, the other arrow must lie outside the are 
REC drawn from A as center and radiusa. If AO=z, 
the area of the surface outside of the are BEC is 


S=2a?sin—! 


The probability that the one arrow is at the dis- 
tance x from the center is 277rdr+a*2—2xrdr~+a*. The probability that the 


3/3 
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other is on the surface outside the arc BEC is S+a*z. Hence the required 


probability is 


=— Sxdx. Putz—2asin#é. 


Then (9+ sin Gcos6—3 13/47. 
0 


III. Solution by G. B. M. ZERR, A. M., Ph. D., Texarkana, Arkansas-Texas. 
Let P, Q be the arrows, SQ=z, PQ=y, ST=u, OR=z, <DOB=8, 
OA=a. 
An element of area at Q is dzdx ; at P, yd@dy. 
The limits of « and 0 are u—a ; of y, u—a and a, 
and doubled ; of z, 0 and 4a /3, and doubled ; a 4, Qand 
37, and doubled. 4=chance, u=2)/a?—z 


~ {(u—2)?—a? }dédzdx 


4 i ters ‘3 


MISCELLANEOUS. 


Conducted by J. M. COLAW, Monterey, Va. All contributions to this department should be sent to him. 


SOLUTIONS OF PROBLEMS. 


34. Proposed by THOS. U. TAYLOR, C. E., M. C.; Department of Engineering, University of Texas, Aus- 
tin, Texas. 

Given a variable parallelogram A BCP, where P remains fixed. A moves on an irreg- 
ular plane curve (closed) and C moves on another irregular plane curve (closed) whose 
plane is parallel to the plane of (A) curve. The generator PC moves completely around 
and returns to its initial position, AB always moving parallel to PC, and, of course, returns 
to its initial position. If distance between planes (A) and (C)=h, show by elementary 
mathematics and without using theorem of Koppe that volume of solid generated by var- 
iable parallelogram ABCP=sh (area generated by AP--area generated by BC). 
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Solution by the PROPOSER. 
Let (A)=area generated by PA ; (B)=area curve generated by B; (C) 
==area curve generated by C. 


Project area (A) orthogonally on plane of (B) and (C). Then by Elliott’s 
Extension of Holditch’s Theorem 


S=2(A)+y(B)—zy(C). 


where x+y=1, and z and y are the radii in which the section S divides the gen- 
erator. Make 


S, 
‘But by Newton’s formula, V=volume of whole solid 
=tH{(A)+4S, +(B)} 
Volume of cone=3H(C). .*. Volume generated by 
APCB=3}H{(A)+[(B)—(C)]}=4H{area AP+area BC}. 


34. Proposed by WILLIAM SYMMONDS, A. M., Professor of Mathematics and Astronomy in Pacific Col- 
lege, Santa Rosa, California ; P. 0., Sebastopol, California. 


To an observer whose latitude is 40 degrees north, what is the sidereal time when 
Fomalhout and Antares have the same altitude: taking the Right Ascension and Declina- 
tion of the former to be 22 hours, 52 minntes, —30 degrees, 12 minutes; of the latter, 16 
hours, 23 minutes, —26 degrees, 12 minutes ? 


II. Solution (continued) by G. B. M. ZERR, A. M., Ph. D., Texarkana, Arkansas. 

h=130° 4’ 57” for upper meridian. 

180°—1380° 4’ 57"=49° 55’ 3" =h, for lower meridian. 

... h=3 hours, 19 minutes, 40.2 seconds. 

.'. sidereal time for equal altitudes on latitude 40° south is c—h=19 hours, 
32 minutes, 19.8 seconds. 

a—h—12=7 hours, 32 minutes, 19.8 seconds is sidereal time on upper 
meridian at same moment. 

Dr. 8. Hart Wright communicated to me the following rather startling dis- 
covery which is probably responsible for the problem: The arc of a great circle 
passing to and between the two stars actually passed through the Nadir. Now 
when the stars are of equal altitudes they are equally distant from the Nadir as 
well as from the Zenith. 

: .*. The arc between them==82° 51’ 52.5” must be bisected, each being 41° 
25’ 56%". 

These facts, if they had been stated, would have made the problem quite 
simple. 

See problem and solution in August-September number. 


a 
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PROBLEMS FOR SOLUTION. 


ARITHMETIC. 
71. Proposed by J. C. CALDERHEAD, M. Sc., Professor of Mathematics in Curry University, Pittsburg, 
Pennsylvania. 


A man owes me $200 due in 2 years, and I owe him $100 due in 4 years; when can he 
pay me $100 to settle the account equitably, money being worth 6% ? 

72. Proposed by W. H. CARTER, Professor of Mathematics, Centenary College of Louisiana, Jackson, 
Louisiana. 

Though the length of my field is 1-7 longer than my neighbor’s, and its quality is 1-9 
better, yet as its breadth is 1-4 less, his is worth $500 more than mine. What is mine 
worth? Encyclopedia Brittanica. 

73.. Proposed by NELSON S. RORAY, South Jersey Institute, Bridgeton, New Jersey. 


I would like to change problem 70, Arithmetic, to read as follows and have it pro- 
posed for solution: 

A owes me $100 due in 2 years, and I owe him $200 due in 4 years. When can I 
pay him $100 to settle the account equitably, money being worth 6%, and the interest to 
draw interest until the time of settlement ? 

Solve by simple arithmetic without the aid of algebraic symbols. 

74. Proposed by JOHN T. FAIRCHILD, Principal of Crawfis College, Crawfis College, Ohio. 

When U.S. bonds are quoted in London at 108$ and in Philadelphia at 1124, exchange 
$4.894, gold quoted at 107, how much more was a $1000 U. 8. bond worth in London than 
in Philadelphia ? 


ALGEBRA. 
74. Proposed by NELSON S. RORAY, South Jersey Institute, Bridgeton, New Jersey. 


Solve according to the conditions given : 


V 
First, square without transposing and then solve ; second, transpose )/ x+1 
and then solve. Obtain the same roots as in the first way of solving. 


75. Proposed by B. F. BURLESON, Oneida Castle, New York. 

Mr. B’s farm is in shape a quadrilateral, both inscriptible and circum- 
scriptible, and contains an area of k=10752 square rods. The square described 
on the radius of its inscribed circle contains r* =2304 square rods ; while the 
square described on the radius of its circumscribed circle contains an area of 
R? =7345 square rods. Required the lengths of the sides of his farm. 

76. Proposed by E. B. ESCOTT, Fellow in Mathematics, University of Chicago, Chicago, Illinois. 

Prove the identities 

1 i! 1 


={+}+ 


+ 


ee 1 1 1 
2 


Q747 


9 
| + 1 + | 
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77. Proposed by G. I. HOPKINS, Instructor in Mathematics and Physics in High School, Manchester, 
New Hampshire. 


Solve the equation, +x—3)? —48* =(z+15)?. 


GEOMETRY. 
69. Proposed by WILLIAM SYMMONDS, M. A., Professor of Mathematics and Astronomy in Pacific Col- 
lege, Santa Rosa, California ; P. 0., Sebastopol, California. 


To divide a square card into right-lined sections in a manner, that a rect- 
angle of a given breadth can be formed from the sections ; likewise, form a square 
from a rectangular card. 


70. Proposed by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy in Ohio 
University, Athens, Ohio. 


Prove that the locus of the center of the circle which passes through the 
vertex of a parabola and through its intersections with anormal chord is the par- 
abola 2y? =ax—a?’, the equation to the given parabola being y? =4az. 


71. Prove by pure geometry: A perpendicular at the middle point, M,, of 
. the side BC of the triangle ABC meets the circumcircle in A’. On this perpen- 
dicular A” and A’” are taken so that M,A"”=M,A’' and A" A'’=AH. (His the 
orthocenter of triangle ABC). Prove that A’” is on the circumcircle. Anon. 
72. Proposed by 0. W. ANTHONY, M. Sc., Professor of Mathematics, Columbian University, Washing- 
ton, D. C. 

If a line with its extremities upon two curves move in any manner what- 
ever, (the line may vary in length), and P a point upon the line which divides it 
in the ratio m:n describe a curve, the area of this curve will be given by 
the formula— 


_ 

73. Prove by pure geometry: (1) A’, B’, and C’ are the middle points 
of the arcs BC, CA, and AB respectively. With these points as centers, circles 
are described passing through B and (C, C and A, and A and B respectively. 
Prove that these circles intersect in O, the center of the incircle of the triangle 
ABC; (2), that O, the center of the incircle, is Nagel’s point of the triangle 
formed by joining the middle points of the sides. ' Anonymous. 


A 


CALCULUS. 
61. Proposed by W. H. CARTER, Professor of Mathematics, Centenary College of Louisiana, Jackson, 
Louisiana, 
If r=asinne is the polar equation of a curve, show (1) that the curve consists of n or 
2n loops according as n is an odd or an even integer ; (2) that its area is 4 or 4 of the cir- 
cumscribing circle according as n is an add or an even integer. 


62. Proposed by A. H. HOLMES, Brunswick, Maine. 


A bucket is in the form of a frustum of a cone having its smaller end as a base. It 
is a inches in diameter at base and b inches in diameter at top, and its perpendicular 


4 
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height is ¢c inches. It contains water the perpendicular height of which is $c inches. What 
is the greatest height, from the plane on which the vessel rests, to which the surface of 
the water will rise when the bucket is overturned, no allowance being made for the thick- 
ness of the material of the bucket. 

63. Proposed by B. F. FINKEL, A. M., Professor of Mathematics and Physics in Drury College, Spring- 
field, Missouri, _ 

What is the volume removed by boring an auger hole radius R through a right cyl- 

inder radius R, the center of the auger hole to pass at a distance ¢ from the axis of the 
cylinder and inclined to the axis at an angle a ? 


64. Proposed by E. S. LOOMIS, A. M., Ph. J)., Professor of Mathematics, High School, Cleveland, Ohio. 


Find volume and surface generated by revolving about y, the catenary 
from x=0 to x=a. [Osborne’s Calculus, page 255, example 8.] 


MECHANICS. 
48. Proposed by G. B. M. ZERR, A. M., Ph. D., Texarkana, Arkansas, Texas. 
Two equal heavy rings connected by a string passing over a peg at the focus of a 
conie section will be in equilibrium at all points on the curve. 


49. Proposed by 0. W. ANTHONY, M. Sc., Professor of Mathematics, Columbian University, Washing- 
ton, D. C. ous 
A rectangular stick of timber of known dimensions is placed upon a platform 
of given height in a vertical position with the center above the edge of platform, 
and slightly displaced from the vertical. Where and in what manner will it strike 


the ground. 


50. Proposed by J. SCHEFFER, A. M., Hagerstown, Maryland. 

A plane quadrilateral ABCD in the vertical wall of a cistern, filled with water, has 
its four vertices A, B, C, D at the distances 10 feet, 4 feet, 5 feet, and 7 feet respectively, 
from the surface of the water. The projections of AB, BC, and CD upon the surface are 
respectively 2 feet, 3 feet, and 1 foot. Find the pressure of the water upon the quadrilat- 
eral, and the position of the center of mean pressure. 


51. Proposed by H. C. WHITAKER, A. M., Ph. D., Professor of Mathematics, Manual Training School, 


Philadelphia, Pennsylvania. 
‘*Swift of foot was Hiawatha. 

He could shoot an arrow from him 

And run forward with such fleetness 

That the arrow fell behind him! 

Strong of arm was Hiawatha; 

He could shoot ten arrows upward 

Shoot them with such strength and swiftness 

That the tenth had left the bowstring 

Ere the first to earth had fallen.’’ Longfellow. . 

Assuming Hiawatha to have been able to shoot an arrow every second and to have 

aimed when not shooting vertically so that the arrow might have the longest range ; what 


was Hiawatha’s time in a hundred yards ? 
AVERAGE AND PROBABILITY. 
47. Proposed by HENRY HEATON, M. Sc., Atlantic, Iowa. 
What is the average length of the chords that may be drawn from one extremity of 
the major axis of an ellipse to every point of the curve ? 


48. Proposed by P. H. PHILBRICK, C. E., Pineville, Louisiana. 
A, B, C, D, and E play with dice, each throwing three, three successive times, for a 
stake a. <A, B, and C throw; C throwing the highest, 52. What is his expectation ? 
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49. Proposed by B. F. FINKEL, A. M., Professor of Mathematics and Physics in Drury College, Spring- 
‘field, Missouri. 
A square whose side is 2a and an equilateral triangle whose altitude is 3a are fasten- 
ed together at their centers, but otherwise free to move. If they are thrown on a floor at 
randgm, what is the average area common to both ? 


50. Proposed by G. B. M. ZERR, A. M., Ph. D., Texarkana, Arkansas-Texas. 
Find (1), the average length of all straight lines having a given direction, between 0 
and a; (2), the average length of chords drawn from one extremity of the diameter a of a 
semi-circle to all points in the semi-cireumference ; and (3), find the average area of all tri- 
angles formed by a straight line of constant length a sliding between two straight lines at 
right angles. 


een S5 of these problems should be sent to the editors of the respective departments on or be- 
fore February 1, 1897. | 


EDITORIALS. 


Our valued contributor, Prof. 0. W. Anthony, has been elected Professor 
_of Mathematics in the Columbian University, Washington, D. C. 


James F. Lawrence, I. F. Yothers, G. B. M. Zerr, J.C. Corbin, Frederick 
R. Honey, H. C. Wilkes, and Nelson S. Roray should have received credit for 
solving Nos. 66, 67, 68, and 69, Department of Arithmetic. O. W. Anthony 
should have received credit for solving No. 63, Department of Geometry. We 
wish to state again that all solutions, to receive credit, should be sent to the 
proper editor ; but this remark does not apply to the above persons. 


The Monruty will soon begin its fourth volume. Will not every one 
of its old subscribers try and secure one new subscriber for the coming year ? 
Send us names of persons likely to subscribe and we shall take pleasure in send- 
ing them sample copies. Persons sending us three new subscribers and remit- 
ting us $6.00 will receive a years subscription as a premium. 


Some of our readers have suggested that we publish in groups portraits of 
our contributors. If this suggestion meets the approval of our contributors, we 
shall be pleased to receive photos which we will have grouped by one of the best 
artists in Springfield, and shall furnish the plates at cost to us. We shall 
be pleased to hear from the contributors to the Monruty in reference to 
this matter. 


A letter from Dr. Halsted dated November 27th, 1896, says, ‘‘For four 
months I was buried in the uttermost parts of Hungary, Russia, and Siberia, and 
am just getting used to English again. I made many important finds and had 
many strange experiences.’? There are few other Americans whose travels 
in Russia would have been as important to the Non-Euclidean Geometry as this 
trip of Dr. Halsted’s. He is already working on some very important transla- 
tions which will soon be made known for the first time to English speaking 
mathematicians. 


fee 
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BOOKS AND PERIODICALS. 


Elements of Mechanics, Including Kenematics, Kinetics, and Statics, with 
Applications. By Thomas Wallace Wright, M. A., Ph. D., Professor in Union 
College. 8vo. Cloth, 872 pages. Price, $2.50. New York: D. Van Nostrand 
Company. 

This is a completely rewritten edition of the author’s Text-book of Mechanics. The 


same general plan has been followed, but many changes in detail have made, so the book 


comes before the public with a new name. In this book much use is made of the graphical 
method ; machines are discussed in great detail ; the important subjects of oscillation and 
rotation have been treated with more fullness than is usual in an elementary treatise. 
Numerous well chosen problems are appended to the discussion, while at the end of each 
chapter is added a series of examination questions. Historical notes are freely interspers- 
ed to add a more live interest to the subject.- This is a very excellent book and we very 
heartily recommend it to teachers desiring a good work on Mechanics. B- 8. FE. 


The Elements of Physics. A College Text-book. By Edward L. Nichols 
and William S. Franklin. In three volumes, Vol. II. Electricity and Magnet- 
ism. 8vo. Cloth, ix and 272 pages. Price, $1.50. New York: The Macmil- 
lan Co. 


In the study of this excellent work a knowledge of the elementary principles of the 
ealeulus and quaternions is required. This fact will preclude its use in many colleges. The 
authors recognizing, however, that there is a growing tendency among the best colleges 
to increase the requirements in mathematics, these colleges realizing that the discipline 
received from the study of mathematics is not excelled by any other branch of study, have 
not slurred over certain parts of Physics containing real and unavoidnble difficulties. Nor 
have those portions containing these difficulties been omitted, but they have been faced 
frankly ; the statements involving them having been reduced to the simplest form which 
is compatible with accuracy. Colleges in which only one course is offered in Physics 
should at once so adjust their courses of study as to make it possible to use a text-book 
such as the one before us, as a course of Physics pursued in accordance with the plan of 
this work will be of infinitely more value both from a practical and an educational point of 
view, than two or three popular courses requiring only a knowledge of Elementary Alge- 
bra and Geometry. 


Elements of Plane and Spherical Trigonometry. By C. W. Crockett. Pro- 
fessor of Mathematics and Astronomy, Renssellaer Polytechnic Institute, Troy, 
New York. Large 8vo. Cloth, 192 pages and 120 pages of tables. Price, $1.25. 


New York and Chicago: American Book Company. 


This work is fully up to the standard of good text-books. It contains a full course 
in Plane and Spherical Trigonometry ; in fact, all that is needed in a course in the best 
schools and colleges. There are many examples and illustrations. The typographical and 
mechanical execution of the work is first-class. Bb. F. F. 


Darwinism and Non-Euclidean Geometry. Reprint from the Bulletin de 
La Société Physico-Mathématique de Kasan. Tome VI. No. 3—4. By Dr. 
George Bruce Halsted. Pamphlet, 4 pages. 


This interesting article seems to have been written by Dr. Halsted while visiting at 
Kasan in July and August of last summer. In his travels he explored many libraries and 
made many important finds. Bur. 


The Maine Farmer’s Almanac for 1897. 


Through the courtesy of Prof. William Hoover, of Athens, Ohio, we received a copy 
of this noted little Almanac, which, among other important and useful information, con- 
. tains two pages devoted to Mathematical Questions and Solutions. The price of the Al- 
manac is 10 cents. B. F. F. 
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Prismoidal Formulae, with Special Derivation of Two-Term Formulae. 
By Thomas U. Taylor, C. E. (University of Virginia), M. C. E. (Cornell), Asso- 
ciate Professor of Applied Mathematics, University of Texas. Pamphlet, 
55 pages. 
This paper, which was read before the Texas Academy of Science, March, 1826, adds 
some valuable material to the literature of Prismoidal Formulae. B. F. F. 


Mathematical Questions and Solutions. From the ‘‘Educational Times,”’ 
with an Appendix. Edited by W.J.C. Miller, B. A. Vol. LXV., 8vo. Boards, 
128 pages. Francis Hodgson, 89 Farringdon Street, E. C., London. 

This valuable reprint contains solutions of about 165 problems. Our readers who se- 
cure it will find many interesting problems with their solutions. The price is 5s., 3d., 
postpaid. J. M. C. 


Elementary Hydro-Statics. University Tutorial Series. By William 
Briggs and G. H. Bryan. Cloth, 208 pages. Price, 50cents. New York: W. 
B. Clive, 65 Fifth Avenue. 
This work is written in a suggestive and attractive manner. In scope and in method 
it is admirably adapted to class use as anelementary text. In the examples results are 
deduced from first principles, and thus the student is not lead to rely on memory for his 
formulae. The new features are good, the examples are numerous and well selected, and 
the topical index convenient and useful. J. M.C. 


Inductive Manual of Straight Line and Circle. By William J. Meyers, 
Professor of Mathematics, State Agricultural College of Colorado. Published by 
the Author, Fort Collins, Colorado, 1896. 113 pages. Price, 60 cents. 

The fundamental idea of the book seems to be to furnish the student the tools and 
material, and by the aid of helpful questions where needed, to have him work up his ideas 
for himself, in all cases leaving some actual work and thought to the student himself. As 
distinguishing features we notice: A constant effort to keep prominent the connection be- 
tween geometrical relations ard their applications in the arts; the early introduction and 
use of the notions of locus and of symmetry ; distinction between the obverse and reverse 
of plane figures ; and the closeness of relation between regular chains, polygons, and the 
circle. There are numerous exercises and problems. It must be left to actual trial to de- 
termine its adaptation to class use. J. M.C. 


The Alumni Bulletin of the University of Virginia, for November, contains 
an appreciative sketch, with portrait, of our esteemed subscriber, Professor Charles Scott 
Venable, LL. D., who lately retired from the head professorship of mathematics at 
the University of Virginia, a position he has held for over thirty years. J.M.C. 

We have received the following valuable papers, in pamphlet form, from 
Dr. Artemas Martin, editor of the Mathematical Magazine: ‘‘About Cube Num- 
bers whose Sum is a Cube Number’’; About Biquadrate Numbers whose Sum is 
a Biquadrate Number’’; Notes about Square Numbers whose Sum is either 
a Square or the Sum of other Squares’’; On Fifth-Power Numbers whose Sum is 
a Fifth Power’’; and ‘‘Solutions of the ‘Duck’ Problem.’’ Those interested in 
the subjects of which these papers treat cannot afford to miss them. 

The last number of the Magazine, issued in May, 1896, contains the paper on Biquad- 
rate Numbers, and the second installment of that on Cube Numbers. Three interesting 
problems are solved and ten new ones are proposed. J.M.C. 
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The following periodicals have been received : Journal de Mathématiques 
Elémentaires, (ler December, 1896) ; American Journal of Mathematics, (Octo- 
ber, 1896) ; The Mathematical Gazette, (October, 1896) ; L’ Intermédiare des 
Mathématiciens, (November, 1896) ; Miscellaneous Notes and Queries, (Decem- 
ber) ; The Kansas University Quarterly, (October, 1896) , The Monist, (October, 
1896) ; Bulletin of the American Mathematical Society, (December, 1896) ; The 
Educational Times, (November, 1896); The Mathematical Review, (July, 1896) ; 
The Mathematical Magazine, (No. 10, issued in May, 1896) ; Annals of Mathe- 
matics, (September, 1896). J. M.C. 


THE AMERICAN MATHEMATICAL MONTHLY’s Clubbing List : 
REGULAR PRICE. WITH MONTHLY. 
The Review of Reviews 
The Forum 
The Cosmopolitan 
The Arena 
The Century 
St. Nicholas 
Popular Astronomy 
Atlantic Monthly 
The Critic (weekly) 
The Ohio Educational Monthly 
American Journal of Education 
McClure’s 
Mathematical Magazine (quarterly) 
Annals of Mathematics (bi-monthly) 
Other magazines not mentioned above may be obtained from us at reduced rates. 
B. F. Frnxet and J. ™.. Cotaw, Editors. 


ERRATA. 


On page 221, for ‘‘numbers”’ read terms in line 16. 

In solution of problem 42, page 220, the part under Example 2, reading, 
‘For p—q, a=9/2, b=13/2, etc.,”’ should be under Example 1, to tally with 
‘‘for p+q, etc.”’ 

Page 234, line 5, for ‘‘p-#”’ read p-t. 

Page 234, line 5, for read 

Page 243, line 5, omit decimal point in denominator. 

Page 258, in Figure, read D for ‘‘B’’ and B for ‘‘D’’. 

Page 259, multiply the numerator of the right hand member in the value 
of p by 2. 

Page 288, problem 388, the figure is wrong. Thearc CE should be parallel 
to BA, as the solution says. Also, BC, which is an arc of the horizon, should be 
in a level plane. 


INDEX. 


ALGEBRA (See Solutions and Problems). 

ARITHMETIC (See Solutions and Problems). 

BIOGRAPHIES (With Portraits)— 
Bolyai, Wolfgang [Bolyai Farkas], by Dr. George Bruce Halsted 
Lemoine, Emile-Michel-Hyacinthe, by David Eugene Smith, Ph. D........... 
Lyle, John Newton, by F. P. Matz, Ph. D. 
Miller, W. J. C., by B. F. Finkel, A. M. 

BOOKS, Reviewed, 26-28, 62-63, 93, 125-126, 157-158, 227-228, 260-262, 292-294 

332-334. 

Elementary Mensuration, by F. H. Stevens, 26; Problems in Differential Caleulus 
Supplementary to a Treatise on Differential Calculus, by W. E. Byerly, 26; Com- 
putation Rules and Logarithms with Tables for other Useful Functions, by 8. W. Hol- 
man, 26; Algebra for Schools and Colleges, by William Freeland, 26; A Primer 
of the History of Mathematics, by W. W. Rouse Ball, 27; The Elements of Phys- 
ics. A College Text Book, by Edward L. Nichols and William 8. Franklin, 27; 
Elements of the Theory of Functions of a Complex Variable, by Dr. H. Durége. 
Translation by George Egbert Fisher and Isaac J. Schwatt, 28; The Number 
Concept, by Levi Leonard Conant, 28; Elements of the Differential and Integral 
Calculus, by J. W. Nicholson, 62; The Science Absolute of Space, by John Bolyai. 
Translated by Dr. George Bruce Halsted, 62; Concrete Geometry for Beginners, 
by A. R. Hornbrook, 63; Trigonometry for Schools and Colleges, by Frederick An- 
deregg and Edward Drake Roe, 93; An Elementary Treatise on Rigid Dynamics, 
by W. J. Loudon, 93; Notations de Logique Mathematique, par G. Peano, 93; Syl- 
labus of Geometry, by G. A. Wentworth, 125; Rational Mathematics, by Charles 
De Medici, 125; Elementary Treatise on Electricity and Magnetism, by G. C. Fos- 
ter and E. Atkinson, 125; Elementary Algebra, by J. A. Gillett, 126; Warren 
Colburn’s First Lessons, 157; H. N. Wheeler’s Second Lessons, 157; Logarithmic 
Tables, by George William Jones, 157; Mathematical Papers Read at the Inter- 
national Mathematical Congress at Chicago. Edited by E. Hastings Moore, 
Oskar Bolza, Heinrich Maschke and Henry 8. White, 158; Elements of Plane 
and Spherical Trigonometry, by Edwin 8. Crawley, 227; Higher Mathematics. 
Edited by Mansfield Merriman and Robert 8. Woodward, 227; Elementary Al- 
gebra, by H. S. Hall and 8. R. Knight, revised by F. L. Sevenoak, 228 ; Euclid- 
ean Geometry, by J. A. Gillett, 228; Elementary Solid Geometry and Mensuration, 
by Henry Dallas Thompson, 260; The Elements of Algebra, by Lyman Hall, 261; 
Trigonometry for Beginners, by Rev. J. B. Lock, revised by John A. Miller, 261; 
A School Algebra, by Emerson E. White, 261; Elements of Geometry, by Andrew 
W. Phillips and Irving Fisher, 261; A History of Elementary Mathematics, by 
Florian Cajori, 262; The Elements of Plane Geometry, by Charles A. Hobbs, 292; 
Number and Its Algebra, by Arthur Lefevre, 293; A Primer of the Caleulus, by 
BE. Sherman Gould, 293 ; Elements of the Differential Calculus, by Edgar W. Bass, 
298 ; List of Transitive Substitution Groups of Degree Twelve, by G. A. Miller, 293 ; 
The Criterion for Two-Term Prismoidal Formulas, by Dr. George Bruce Halsted, 
293; Projective Groups of Perspective Collineations in the Plane Treated Syntheti- 
cally, by Arnold Emch, 294; Elements of Mechanics, by Thomas W. Wright, 332; 
The Elements of Physics, Vol. I1, by Edw. L. Nichols and Wm. 8. Franklin, 332; 
Elements of Plane and Spherical Trigonometry, by C. W. Crockett, 332; Darwin- 
ism and Non-Euclidean Geometry, by Dr. George Bruce Halsted, 332; Prismoid- 
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al Formulae, by Thomas U. Taylor, 333; Mathematical Questions and Solutions, 
Edited by W. J. C. Miller, 383; Elementary Hydro-Statics, by William Briggs 
and G.H. Bryan, 333; Inductive Manual of Straight Line and Circle, by William 
J. Meyers, 333. 
DIOPHANTINE ANALYSIS (See Solutions and Problems). 
EDITORIALS, 23, 61-62, 128-125, 195, 227, 260, 292, 331. 
ERRATA, 21, 22, 54, 60, 82-83, 89,90, 117, 148, 148, 157, 158, 224, 262, 294, 334. 
GEOMETRY (See Solutions and Problems). 
INFORMATION (See Queries). 
MATHEMATICAL PAPERS— 
Ackermann, Emma C. and E. H. Moore, On an Interesting System of Quadratic 
Equations 
Becher, Franklin A., Mathematical Infinity and the Differential 229-232 
Bryant, I. H., Simultaneous Quadratic Equations 187-188 174-175 
Calderhead, James A. and Benj. F. Yanney, New and Old Proofs of the Pytha- 
gorean Theorem 65-67, 110-113, 169-171 299-300 
Collins, Joseph V., The Duplication of the Notation for Irrationals............ 5-7 
Doolittle, Eric, Where Mathematicians are Needed 33-35 
Drummond, Josiah H., On the Doctrine of Parallels : 237 
Ellwood, J. K., Number and Fractions 263-265 
The Bond Problem 14-16 
Emch, Arnold, A Special Complex of the Second Degree and Its Relation with 
the Pencils of Circles 127-132 
Finkel, B. F., A Geometrical Proof that 0X is Indeterminate 207-208 
Halsted, George Bruce, Non-Euclidean Geometry: Historical and Expository 
13-14, 35-36, 67-69, 109 132-133 
Heal, William E., Quadrature of the Circle... 41-45 
Heaton, Henry, A Method of Solving Quadratic Equations 
Hume, Alfred, A Proposition in ees 235-236 
Lyle, John N., Is there more than One Illimitable Space ? 92 
The Angle-Sum According to Playfair 77-79 
Two Perpendiculars to a Transversal 269-270 
Miller, G. A., Applications of Substitution Groups 197-202 
Introduction to Substitution Groups 7-18, 36-38, 69-73, 104-108, 183-136 171-174 
Lie’s Views on Several Important Points in Modern Mathematics 295-296 
Moore, Eliakim Hastings, and Emma C. Ackermann, On an Interesting System 
of Quadratic Equations 38-41 
Philbrick, P. H., Some Trigonometric Relations Proved Geometrically 265-268 
Smith, William Benjamin, The Exponental Development for Real Exponents. 163-168 
Yanney, Benj. F. and J. A. Calderhead, New and Old Proofs of the Pythagor- 
ean Theorem 65-67, 110-113, 169-171 299-300 
Zerr, G. B. M., A Problem in Astronomy 232-235 
The Binomial Theorem 
The Centroid of Areas and Volumes 
MECHANICS (See Solutions and Problems). 
MISCELLANEOUS (See Solutions and Problems). 
NOTES, 24-25, 60, 158, 291-292. 
Prof. G. H. Harvill located at Athens, Texas, 23; Letters commending Montu- 
ty from John McDowell, Prof. P. 8. Berg, Dr. G. A. Miller, and Dr. G. B. M. 
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Zerr, 23; Dr. Macfarlane’s Article on “‘Quaternions” in Science, and his chapter 
on ‘‘Vector Analysis and Quaternions’’ in Higher Mathematics for Engineering 
Colleges, 23; Drs. Fisher and Schwatt’s Translation of Durége’s Elements of the 
Theory of Functions, 24; Death of Alexander Macmillan, 24; The Lobachevski 
Prize, 24-25 ; The University of Chicago: Summer, 1896, 25; Corrections by Drs. 
D. E. Smith, and E. A. Bowser, 60; Dr. Martin’s Note on the Solutions of 
problem 45, pages 274-275, 60; Letters of Appreciation respecting MonTaiy 
from Charles De Medici, Adelia R. Hornbrook, Prof. George W. Howe, Prof. 
Cooper D. Schmitt, and Prof. E. P. Thompson, 61; Personals as to Prof. C. A. 
Waldo, and Prof. J. A. Calderheed, 123; Dr. Halsted’s Article on the “‘ Essence 
of Number,” in Science, 123; Personals as to Dr. E. H. Moore, and Prof. J. J. 
Sylvester, 124; Encouraging Words from Mr. W. J. C. Miller, and M. A. Grub- 
er, 124; Dr. Byerly’s Fourier’s Series and Spherical Harmonics, 124; 
Philadelphia Summer Meeting of the Mathematical Section of the Uni- 
versity of Pennsylvania, 124; Death of T. P. Stowell, 124-125; The first volume 
of Dr. W. B. Smith’s Infinitesimal Analysis in press, 158; Drs. Halsted and 
Smith in Europe, 158; Prof. H. C. Whitaker receives the Degree of Doctor of 
Philosophy, 195; Announcement of Translation in preparation of Klein’s Vor- 
traege ueber ausgewaehlte Fragen der Elementargeometrie, by Profs. W. W. Beman 
and D. E. Smith, 227; Death of Prof. H. A. Newton, of Yale, 227; Death of 
Prof. William J. Whitney, of Drury College, 227; Resignation of Prof. J. N. 
Lyle, 260; Copy of Salmon’s Higher Plane Curves wanted, 260; Complete Sets of 
Volumes I and II, 260; Prof. Robt. J. Aley receives Mathematical Fellowship 
at University of Pennsylvania, 260; Letter of appreciation from Prof. A. B. 
Nelson, of Centre College, 260; Note on Article in August-September Number, 
by Warren Holden, 291; Note on Elimination, by J. C. Corbin, 291; The Chi- 
cago Conference of the American Mathematical Society, at University of Chi- 
cago on December 31, 1896, 292. 

PORTRAITS (See Biographies). 

PROBLEMS (See Solutions and Problems). 

PERIODICALS, 27, 63, 94, 126, 195, 262, 294, 334. 

QUERIES AND INFORMATION— 


An Expression for +, by B. F. Yanney 

Error in Dr. D. E. Smith’s Translation of Prof. Klein’s Paper in December 
Number, Vol. II. Correction by Prof. W. W. Beman 

Error in Williamson’s Calecuius. Notes from Profs. Black, Bowser, and Wil- 
liamson 

Factorial Zero, by W. E. Heal 

Greenwood’s Note. Comments on, by Profs. B. F. Yanney, H. C. Whitaker, 


Note on Article in August-September Number, by Warren Holden 

Note on Elimination’, by J. C. Corbin... 

Note on Problem 4, Miscellaneous, by C. W. M. Black ......... 

Note on Solution of Problem 45, page 274, by Dr. Martin 

Note on Solution IV, page 190, by George Lilley 

Playfair’s Pseudo-Proof of the Angle-Sum, by George Bruce Halsted 122-123 

Problem by Euler, by Hillsboro Mathematical Club . ....-. 90-91 

Proof Required of Impossibility of Expressing Roots of ‘Cubie E quatione by a 
Geometrical Construction, by W. E. Heal 92 

Query, by John Bridges 123 

Query, by George Bruce Halsted 91 

Space. Is there more than One Illimitable Space ? by J. N. Lyle 92 
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Theory and Practice Combined, by Warren Holden.............: .....+-+4.., 
Wanted.—List of Curves of 4th Degree that have received Particular Names, 


SOLUTIONS AND PROBLEMS. 


ARITHMETIC. 


Adding 10% water to pure wine and selling the mixture at price 10% greater 

A agrees to work a year for $300 and a suit of clothes. No. 67................ 
Brokerage for buying bank bills, some of which are worthless, and disposing of 

remainder at par, to find face amount. No. 59...... 
Digging ditch, to find length dug in problem in proportion. No. 64........... 
Groups; Methodists, Democrats, Farmers. No. 
Hiring carriage and taking in passengers on the way, to find how much each 

Insurance, to find value of store, insured under given conditions, and which 

Milk dealer’s rate of profit in buying and selling milk at stated prices given, to 

find how much: water in milk sold. No.2. . 
Million, how long to count in manner given. No. 
Partial payments on note with annual interest. No. 58...................2... 
Pasturage problem, solved without aid of algebra. No. 57......... ; 
Payment, when will discharge debt parts of which fall due at different tinten. 


Pipe of given length, diameter, orifice, and weight, to find diameter of pipe of 
same length and orifice, but of different weight. No. 60.................... 
Population of a city annually increasing 24%. No. 64............0......0005. 
Profit made in buying and selling broadcloth at commercial discounts, and re- 
ceiving time note in payment, whéch is discounted at bank. No, 65......... 
Traveling, to find when A, B, and C will meet under conditions of problem. 


ALGEBRA. 


Algebraic equation, prove that every equation can be transformed into anoth- 
er of same degree. but wanting nt? term. No. 
Chickens, how many raised in 20 years, and how many in 20th year. No. 64.. 
Determinants, to find quotient in problem by. No. 57...................2205. 
Identity in a problem demonstrated. No. 
Land problem, find how much each of three parties bought, and price received 
by-each per acre at sale. No. 
Product of n nth roots of 1 is +1 or —1 according as n is odd or ev en. Gener- 
Product, transform x4 +-y4 —2y?2 22 —2z2 72 y2intoa. No. 54....... 
Prove that cosnz /7+-cos3n2/7+cosdn« /7=4 oy —4, according as n is odd or ey- 
Qudiratios, equations solved by. 
Series, sum to n terms and find nth term. No. 
Telegraph poles, how many minutes to count poles that number counted may 
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Triangles, two right triangles so placed as to have common base, knowing hy- 
potenuses and perpendicular distance from intersection of hypotenuse 
to base, to find base. General case discussed. No. 55 

GEOMETRY. 

Ellipse, to find length of diameter, when major and minor axes, and angle 
which diameter forms with major axis is given. No. 55.................... 

Ellipses, loci of foci of variable, passing through the foci of a given ellipse and 
having the tangents at ends of major axes for directrices, form a pair of cir- 
cles passing through extremities of major axis of fixed — and having for 
diameters the semi-latas rectum of fixed ellipse. No.60 ... ............... 

Hyperbola—a rectangular, cannot be cut from right circular cone, if the angle 
at its vertex is less than a right angle. No. 

Imaginary points, an independent number of conjugate pairs of such points on 


Nine-points circle, locus of centers of isogonal transformations of all diameters 
of circumcircle of any triangle is the. No. 56 
Rolling ellipse, surface on which rolls determined, when its center moves in a 
Schwatt’s problems involving proofs in the geometry of the triangle. Nos. 48, 
Tangent plane of any point of surface a2 #2 +-b2 y2 +2 22 =2beyz+2acxz+2abry 
intersects the surface ayz+-bza+cxry=0 in two straight lines at right angles 
Trapezoid, having given base, altitude, and angle formed by. intersection of 
Triangle, isosceles is maximum of all, inscribed in segment of circle, with 
Triangle, to divide into ratio of m to n by line perpendicular to base. No. 50. . 
Triangles, find value of perpendiculars from point of intersection of bisectors 
of angles A, B, C of triangle on sides of triangle A’ B’C’, in terms of radii of 
inseribed and circumscribed circles of A BC and distances of center of cireum- 
seribed circle from center of escribed circle. No. 61...................5.05. 
Triangles, two triangles are equal if they have two sides and the median of one 
Triangle, bisectors of angles 4, B, C, meet sides in A’, B’, C’. No. 64........ 


CALCULUS. 


Cube revolved on diagonal, define figure described and calculate its volume. 


Definite integrals, error in example in Williamson’s Integral Calculus corrected. 

Differential equation dy=da=y(«—y)+«(«+y) solved. No. 53................ 
Draw bridge, path of man crossing a, while opening, and ratio of rate in his 

path and velocity of end of bridge, required. No.50....................4.. 
Ellipsoid, find maximum, cut out of given right conic frustum. No. 51.... 
Leaf of strophoid, in leaf of, find axis of inscribed leaf of lemniscate, and in leaf 
of lemniseate find axis of inscribed leaf of strophoid. No. 49........... 
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Path of fly passing over diameter of revolving table, and ratio of rates of table 
Rainfall, depth of water in circular section basin after rain, and height, and 
diameters at different heights, the diameter being trebled for every inch in 
keight;.given; what was-rainfall No. 48. 147 
Solid, find surface, volume, and center of gravity of each, where it has a square 
for its base and all parallel sections squares, and two sections through mid- 


dle points of opposite sides of the square semi-circles. No. 54........... .. 314-317 
Target, where a, in line of two lights of given intensities, must be set up to re- ; 

chive maximum: iligmination:. Ne. 52. .... 253 
“The Thistle of Scotland” curve, find equation and determine asymptotes. 


Vault, find convex surface and volume of, whose floor forms a square, and all 
parallel sections squares, the two vertical sections through middle points of 
opposite sides being equal semi-circles. No. 146 

Volume of tetrahedron whose edges are lines joining points A, B, C, Din space, 

D remaining fixed and A, B, C moving, and co-ordinates of points given, re- 


quired times when, will be a certain number of cubic inches. No. 46........ 121 
MECHANICS. 

Balloon, required volume of hydrogen to be put into balloon so as to be on 

Box, time to empty rectangular, if vertical slit is made in middle of side. No. 

Motion, to determine, of perfectly elastic but rough mass M and radius R, let 

fall, while rotating, on horizontal plane. No. 31...........%............205. 148 


Person standing in swing, rises at lowest point and crouches at highest. No. 39 319-320 
Prolate spheroid of revolution, fixed at focus is given a blow at extremity of 


Resultant attraction, if particle is placed within thin cylindrical shell without 

Sphere and board, if board is balanced but inclined and sphere liberated above 

point of suspension, to find motion of the system. No. 87.................. 280 
Stalk, at what angle wedge-shaped blade struck to sever, with least force. No. 

Wind pump, to find pressure along the axis of wheel. No. 32............ .... 185, 242 

DIOPHANTINE ANALYSIS. 

Decompose into sums of two squares 132 613. No. 35..................0.20.. 80 
Demonstrate that #3 +-(24—3)8 +(na—3n)3 =n3 x3 , when n is any number, and 


Equation, what is the, when sum of three positive integral cubic roots of, is a 


Find first four integral values of n in n(5n—3)+2—=a square. No. 87.......... 151 
Find first six integral values of n in n(n+1)+2=a square. No. 36............ 81 
General solution, finding values of a and b to make « and y integral in 

a2 cya and y2 +y)/ ry=b. No. 283 
Least integral values of a, b, c, d, to find in given equation. No.41........... 188 


Number, what is the, when the mth root of the nt? power of an integral number 
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Parallelograms, required all, whose sides a, b and diagonals ¢, d are rational. 
83, 219, 320-322 
Prove that [n(n+1)(2n+1)]+6 is a whole number for all valves of n; and 
[n(n—1)(n+1)]+24 when nv is odd. No. 34 
Series of integral numbers, find, in which sum of any two consecutive terms is 
the square of their difference. No. 43 
Triangle, hypotenuse of right triangle extended at both extremities and lines 
drawn from right angle to extremities, to find integral values for all lines. 


AVERAGE AND PROBABILITY. 


Average area of all right triangles having constant hypotenuse. No. 26.56-60, 223, 2 
Arrows sticking in target, show chance, etc. No. 38 
Earth from sun, average distance, neglecting perturbations. No. 29.......... 154, 2 
Mean area of dodecagonal surface formed by joining random points, one in each 
sectoral triangle of regular inscribed dodecagon. No. 27............. 
Notes on problem 26 
Note on problem 33 
Ordinates, find chance that, of two points taken at randém in circumference of 
a semi-circle, fall on either side of a point taken at random on the diameter. 


Random sector, to find average area of, whose vertex is a s vendomn point in a 
given circle. No. 32.... 
Rectangle, to find average length of a line drawn across opposite sides. No. 31 
Regular polygons, average area of all, having a constant apothem. No. 33.... 
Square, find chance that distance of two points within a, shall not exceed a 
side. No, 
Triangles, average area of all, having a given base and vertical angle. No. : 
Triangles, average area of all, inscribed in a given circle. No. 
Triangles, average area of all, having two sides a and b. No. 87.............. 323-824 


MISCELLANEOUS. 


Center of gravity of plane surface, when sum of distances of that point from 

all other points is a minimum. 
Chord, length of, cutting off 1-5 of area of given circle. No. 36 
Field, area when distances from point without square, to corners A, B, C, are 

given. No. 33 
Fomalhout and Antares, sidereal time to observer in given latitude when they 

have same altitude. No. 35 192, 224-225 
Note on solution IV, page 190, Vol. II 
Note on problem 4 
Parallelogram, volume of solid generated by variable, required. No. 326-327 
Pendulum, length of, when clock gains so much, and length to keep true time. 
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88 
Storm, how far off when edge of storm-cloud is just visible above horizon, if 
Sun, at what angle with horizon will rise in given latitude. No. 38 288 
Tract of land, determine from data of.problem, dimensions and area of rectan- 
gular, and of largest square field inscribed in the two right triangles formed 
by its diagonal. No. 37 225 
Sidereal time to observer in given latitude, when Fomalhout and Antares have 
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e Stalk, at what inclination, vertical cylindric, struck to sever by least blow. 


